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Ash’s proof of the Pointlike Conjecture provides an algorithm for calculating the
group-pointlike subsets of a finite semigroup S. We denote by PGS the subsemi-
group of PS, the elements of which are the group-pointlike subsets of S. This
paper is concerned with some properties of the operator PG, which assigns to the
pseudovariety V the pseudovariety PGV generated by the semigroups PGS with S
in V. As PGV is a subpseudovariety of PV, some of them come from properties of
the power operator. We show that P3GV = S for any pseudovariety of semigroups V
that contains a semigroup such that the subsemigroup generated by its idempotents
is non-permutative. © 2000 Academic Press
1. INTRODUCTION
The algorithmic problem of determining the kernel of a finite monoid
was proposed by Rhodes, following a paper by Rhodes and Tilson [25].
Rhodes also conjectured an answer for it: the so-called Type II Conjecture.
In [10], Ash proved that the Type II and Pointlike Conjectures [17] are both
true. The latter conjecture provides an algorithm for calculating the group-
pointlike subsets of a finite semigroup S. It is easy to verify that the set
of group-pointlike subsets of S is a subsemigroup of the power semigroup
PS.
The power operator V→ PV has been deeply studied by Almeida, Mar-
golis, Pin, and others. Comprehensive reviews of this area can be found in
[2] and [4].
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In particular, it is shown in [1] that the iteration of the power opera-
tor on pseudovarieties of semigroups stabilizes at the end of three steps.
Moreover, if a pseudovariety contains a non-permutative semigroup, then
stability is reached at the pseudovariety of all finite semigroups.
In this paper, we study some aspects of the “pointlike power operator,”
a generalization of the power operator, which assigns to the pseudovariety
V the pseudovariety PGV generated by the semigroups of group-pointlike
subsets PGS, where S is a member of V.
In Section 2, we list some definitions and results on finite semigroups.
The references are [2] and [16].
In Section 3, we show that the operator PG preserves the semidirect
product with a pseudovariety of groups.
In Section 4, it is proved that, for any pseudovariety V of semigroups
whose idempotents are central, the pseudovariety PGV may be decomposed
as the join of V with a fixed (depending only on whether V contains some
non-trivial semilattice) pseudovariety. This result gives us a list of fixed
points for the operator PG.
In Section 5, it is shown that it suffices to take three iterations of the
operator PG to obtain the pseudovariety of all finite semigroups for pseu-
dovarieties which contain a non-permutative semigroup which is generated
by its idempotents. Moreover, we give a characterization of the pseudo-
varieties of semigroups for which the least n ≥ 0 so that PnGV = S is 1,
2, or 3.
2. PRELIMINARIES
2.1. Group-Pointlike Subsets of a Semigroup
In this subsection all semigroups are finite. If S is a semigroup then ES
denotes the set of idempotents of S and, for x ∈ S, x−1 and x1 denote,
respectively, the sets s ∈ S x sxs = s and x. A subset A of S is closed
under weak conjugation if, for every s; t ∈ S such that either sts = s or
tst = t, the condition u ∈ A implies sut ∈ A. The smallest submonoid of
S1 closed under weak conjugation is denoted by DS. Note that there is
an algorithm for obtaining DS.
Let S and T be semigroups. A relational morphism τ: S −→ T is a relation
from S to T such that
1. for all s ∈ S; τs 6= Z;
2. for all s1; s2 ∈ S; τs1τs2 ⊆ τs1s2.
If S and T are monoids, a relational monoid morphism τ: S −→ T is a
relational morphism satisfying the condition
3. 1 ∈ τ1.
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The kernel of the semigroup S is the subsemigroup
KS =\ τ−11;
where the intersection is taken over all relational morphisms τ from S into
a group G and τ−1x represents the set s ∈ S x x ∈ τs.
A subset X of a semigroup S is said to be group-pointlike or G-pointlike
if, for all relational morphisms τ: S −→ G into a group G, there is g ∈ G
such that X ⊆ τ−1g.
It is well known that, for a semigroup S without identity, KS = KS1 \
1 andX ⊆ S is G-pointlike if and only ifX ⊆ S1 is G-pointlike and 1 /∈ X.
Ash [10] proved the Type II Conjecture proposed by Rhodes and Point-
like Conjecture [17] proposed by Henckell and Rhodes. These conjec-
tures provide algorithms for computing, respectively, the kernel and the
G-pointlike subsets of a given monoid M .
Theorem 2.1 [10]. For a finite monoid M; KM = DM.
Theorem 2.2 [10]. A subset X of a finite monoid M is G-pointlike if and
only if there are m1; : : : ;mk ∈M such that
X ⊆ DMmε11 DM · · ·DMmεkk DM;
where εi ∈ −1; 1, for 1 ≤ i ≤ k.
Let S be a semigroup and let G be a group. A relational morphism
τ: S −→ G is said to be a universal relational morphism (u.r.m.) for S when
a subset X of S is G-pointlike if and only if there exists g ∈ G such that
X ⊆ τ−1g. The existence of a u.r.m. is guaranteed by the following result,
which may be found, for instance, in [16].
Proposition 2.3. Let S be a semigroup. Then there are a group G and a
relational morphism τ: S −→ G such that
(i) τ−11 = KS;
(ii) a subset X of S is G-pointlike if and only if there exists g ∈ G such
that X ⊆ τ−1g.
2.2. Pseudovarieties
For a class C of finite semigroups, we define the operators S ; H , and
Pfin on C: SC; HC, and PfinC represent, respectively, the class of all finite
semigroups that may be obtained as subsemigroups, homomorphic images,
and finitary direct products from semigroups of C.
A class V of finite semigroups is called a pseudovariety of semigroups
if it is closed under the operators H; S , and Pfin. It is well known that
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V = HS PfinV. For a class C of finite semigroups, VC denotes the pseu-
dovariety generated by C, which is the class HS PfinC.
An n-ary implicit operation on a pseudovariety V is a V-indexed family
pi = piSS∈V , where piS is an n-ary operation on S and, for any homomor-
phism ϕ: S −→ T between semigroups of V, we have piT ◦ ϕn = ϕ ◦ piS .
The set of all n-ary implicit operations on V is denoted by nV. Then
nV is a semigroup with the multiplication given by piρSs = piSsρSs,
for all S ∈ V and s ∈ Sn. For each i 1 ≤ i ≤ n, we take an element
xi of nV which is the projection on the ith component: for S ∈ V and
s = s1; : : : ; sn ∈ Sn; xiSs = si. The subsemigroup of nV generated by
xi x 1 ≤ i ≤ n is denoted by nV, and its elements are called n-ary explicit
operations or words. Another example of implicit operation is the unary op-
eration xω given by xωSs = sω, where sω is the unique idempotent in
the subsemigroup of S generated by s ∈ S.
For a pseudovariety V with a non-trivial semilattice, we say that pi ∈ nV
depends on xi if there exist pi1; pi2 ∈ nV such that pi = pi1xipi2, and we
define cpi as the set of all such xi. The set cpi is said to be the content
of pi.
A pseudoidentity for V is a formal equality pi = ρ with pi; ρ ∈ nV. We
say that S ∈ V satisfies the pseudoidentity pi = ρ, and we write S = pi = ρ,
if piS = ρS , or equivalently, for every homomorphism ϕ:nV −→ S, we
have ϕpi = ϕρ.
Let 6 be a set of pseudoidentities for V. We write S = 6 if S satisfies
every pseudoidentity in 6, and we denote by 6V the class S ∈ V x S =
6. A pseudoidentity pi = ρ on V is called an identity when pi; ρ ∈ nV.
Reiterman [24] showed that a class of semigroups C ⊆ V is a pseudovariety
if and only if there is a set 6 of pseudoidentities for V such that C = 6V .
In general, we write 6 instead of 6S, where S is the pseudovariety of
all finite semigroups.
In the following we let A = x1; : : : ; xn. The semigroup nS is
then isomorphic with the free semigroup A+. We write xω+k instead of
xωxk k positive integer and e, f , or g in a pseudoidentity to repre-
sent xω; yω, or zω where x, y, and z do not appear elsewhere in the
pseudoidentity.
We will use the following pseudovarieties in what follows:
A = finite semigroups whose subgroups are trivial = xω+1 = xω
Ab = finite Abelian groups = xω = 1; xy = yx
B = finite bands = x2 = x
Com = finite commutative semigroups = xy = yx
CR = finite completely regular semigroups = xω+1 = x
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G = finite groups = xω = 1
J = finite J-trivial semigroups = xω+1 = xω; xyω = yxω
LeSNB = finite left semi-normal bands = x2 = x; xyzxz = xyz
NB = finite normal bands = x2 = x; xyzx = xzyx
Perm = finite permutative semigroups = exyf = eyxf 
R = finite R-trivial semigroups = xω+1 = xω; xyωx = xyω
RiSNB = finite right semi-normal bands = x2 = x; xzxyz = xyz
Sl = finite semilattices = x2 = x; xy = yx
ZE = finite semigroups whose idempotents are central= xe= ex:
Let S and T be semigroups where additive notation is adopted for S. A
left action of T 1 on S is a map t; s → ts from T 1 × S into S such that, for
all s; s1; s2 ∈ S and t; t1; t2 ∈ T ,
1. ts1 + s2 = ts1 + ts2
2. t1t2s = t1t2s
3. 1s = s.
If S and T are monoids then, for all t ∈ T ,
4. t0 = 0, where 0 is the identity of S.
The semidirect product S ∗T of the semigroups S and T with an associated
action of T 1 on S is the set S × T endowed with the (associative) operation
s1; t1s2; t2 = s1 + t1s2; t1t2.
For pseudovarieties of semigroups (resp. monoids) V and W, we define
the pseudovarieties of semigroups (resp. monoids):
DV = S x every regular J-class of S is a semigroup of V
MV = HS PfinS1 x S ∈ V
EV = S x ES ∈ V; where X is the subsemigroup of S
generated by X ⊆ S
LV = S x eSe ∈ V for all e ∈ ES
PV = HS PfinPS x S ∈ V = HS PS x S ∈ V; where PS is the
semigroup of subsets of S with the usual subset multiplication
PGV = HS PfinPGS x S ∈ V; where PGS ⊆ PS is the semigroup
of G-pointlike subsets of S
P ′GV = HS PfinP ′GS x S ∈ V; where P ′GS = PGS \ Z
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V ∗W = HS PfinS ∗ T x S ∈ V; T ∈ W = HS S ∗ T x S ∈ V; T ∈ W
V ∨W = HS PfinS × T x S ∈ V; T ∈ W = HS S × T x S ∈ V; T ∈ W
V©m G = S x ∃G ∈ G∃ a relational morphism τ: S −→ G τ−11 ∈ V:
For a pseudovariety V of monoids, we denote by VS the pseudovariety
of semigroups generated by the class of members of V, viewed as semi-
groups. Dually, for a pseudovariety V of semigroups, we represent by VM
the pseudovariety of finite monoids, which, viewed as semigroups, belong
to V.
The following are specific examples of values of the above operators
which are of interest in this paper:
DS = xyωxω+1 = xyωx
DA = DS ∩ A
DG = xyω = yxω
EB = B©m G = ef 2 = ef  [11]
ECom = ESl = Sl©m G = ef = fe [9]
ECR = CR©m G = ef ω+1 = ef  [11]
LG = exeω = e
MK1 = x2 = x; xyx = xy
MNB = x2 = x; xyxzx = xyzx:
Proposition 2.4 [6]. (a) EDS = DS ∗ G = efxeωf ω+1 =
efxeωf .
(b) EDA = EA ∩ EDS = DA ∗G = efxeωf 2 = efxeωf .
Lemma 2.5. EPerm = ENB = efge = egfe; ef 2 = ef .
Proof. It is obvious that EPerm = efge = egfe; ef 2 = ef .
On the other hand, if S satisfies those pseudoidentities then ES =
ES and ES ∈ NB. Hence S ∈ ENB.
Finally, we note that NB = Perm ∩ B, and so ENB ⊆ EPerm.
A pseudovariety of semigroups V is said to be monoidal if it is of the
form WS for some pseudovariety of monoids W. It is easy to check that
MV = VMS = V, for any monoidal pseudovariety V.
The next results deal with some properties of the Mal’cev product. Propo-
sition 2.3 leads to the following well-known result, which can be found
in [16].
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Proposition 2.6. Let V be a pseudovariety of semigroups. Then
S ∈ V©m G if and only if KS ∈ V.
For a pseudovariety of semigroups V, the semidirect product V ∗ G is a
subpseudovariety of the Mal’cev product V©m G, and V©m G is a subpseu-
dovariety of EV, but if V is monoidal and V is local, or equivalently VM is
local and V 6⊆ G [8], we have the following result, which may be found, for
instance, in [21].
Theorem 2.7. Let V be a local and monoidal pseudovariety of semi-
groups. Then V ∗G = V©m G.
Recall that all monoidal non-trivial pseudovarieties of bands are local
[18]. The pseudovarieties CR [19], DA [3], and DS [19, 26] are also local.
Theorem 2.8 [22]. Let V be a pseudovariety of semigroups. Then
V©m G = S if and only if V = S.
2.3. Semigroups
The following is a list of semigroups which will play an important role in
the next sections:
A2 = a; by a2 = a; b2 = 0; aba = a; bab = b
B2 = a; by aba = a; bab = b; a2 = b2 = 0
Y = e; s; f y e2 = e; f 2 = f; esf = s; ef = fe = 0
Z = g; hy g2 = g; h2 = h; hg = 0
B1; 2 = e; f y e2 = e; f 2 = f; ef = f; fe = e
B2; 1 = e; f y e2 = e; f 2 = f; ef = e; fe = f 
Kp = M
 
/p; 1; 2; 1; 2;
"
0 0
0 1
#!
; for p prime:
The following result appears in [2] as Lemma 6.5.16, which incorrectly
refers to the semigroup Y rather than Z. With minor modifications, the
proof presented in [2] establishes the proposition.
Proposition 2.9. The pseudovariety of semigroups V is contained in EB
if and only if V does not contain any of the semigroups Z and Kp for any
prime p.
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2.4. Power Pseudovarieties
We recall some results on the operator V → PV. There are two types
of results: some are calculations of the pseudovariety PV and others are
conditions that guarantee that PV 6= S or PV 6= EDS.
We denote by JMK1 the subpseudovariety of R defined by the pseudo-
identities of the form
wuω = wvω
with cw ⊇ cu = cv. In particular, we have J ⊆ JMK1.
Proposition 2.10 [2]. Let V be a pseudovariety of semigroups.
(i) PV = A ∩ Com if and only if Sl ⊆ V and V ⊆ A ∩ Com.
(ii) PV = PJ if and only if Y ∈ V and V ⊆ DA.
(iii) PMK1 = JMK1.
(iv) PPerm = Perm.
Proposition 2.11 [20]. Let V be a pseudovariety of semigroups. The fol-
lowing conditions are equivalent:
(i) V 6⊆ DS.
(ii) PV = S.
(iii) B2 ∈ V.
Let H be a pseudovariety of groups. The pseudovariety of semigroups
whose subgroups are in H will be denoted by H.
Proposition 2.12 [20]. Let V be a pseudovariety of semigroups and let H
be a pseudovariety of groups. Then V ⊆ DS∩H if and only if PV ⊆ PDS∩H.
Lemma 2.13. For any prime p, PKp /∈ EDS.
Proof. Let p be a prime. Let
e = 1; 0; 1; f = 2; 0; 1; 2; p− 1; 2; and
x = 2; p− 1; 2
be subsets of Kp. Then
e2 = e; f 2 = f;
ef = 1; p− 1; 2; 1; 0; 1;
efx = 1; p− 1; 2;
efxω = efxp = 1; 0; 2;
efxpef = 1; p− 1; 2; 1; 0; 1;
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and it can be shown, by induction on k with 1 ≤ k ≤ p, that
efxpef k = 1; j + 1; 1; 1; j; 2 x p− k ≤ j ≤ p− 1:
Thus, efxωef ω+1 = efxωef ω 6= efxωef , since 1; 1; 1 ∈
efxωef ω+1 but 1; 1; 1 /∈ efxωef: We conclude that PKP /∈ EDS.
For a word w, we denote by sw and σw, respectively, the longest left
cut of w that contains all but one of the variables of w and the last variable
to occur in w in order from the left. In [15], the following invariant h3 is
defined: h31 = 1 (empty word) and h3w = h3swσwtw, where
tw is the last variable in w (e.g., if w = acbacab then tw = b and
h3w = a2c2b2). Note that h3sw = sh3w and σw = σh3w.
By Lemma 6.1 of [15], the identity u = v holds in LeSNB if and only if
h3u = h3v.
Lemma 2.14. The pseudovarieties of semigroups PLeSNB and PRiSNB
are not contained in EDA.
Proof. Let S be the semigroup freely generated by the set a; b; c; d
in the pseudovariety LeSNB. Let us consider the sets of variables X =
a; b; Y = b; c, and Z = d. Then
bcdbc · acdac ∈ XωYωZωXωYω2:
Suppose that there is an element w ∈ XωYωZωXωYω which verifies the
condition
sh3w = b2c2dc; σw = a:
In S, we have the following equalities:
w = h3w
bcdw = bcd h3w
bcdw = h3w:
As
XωYωZ = abd; acd; abcd; acbd; abcbd; acbcd; bd; bcd; bcbd; abacd;
abacbd; bacd; abacbcd; babcd; babcbd; babd; bacbd; bacbcd;
and bcdbd; bcbd = bcd, it follows that sbcdw ∈ bcd; bcdb, and so
h3sbcdw ∈ b2c2d2; b2c2db:
Thus sh3w = h3sw 6= b2c2dc = h3sbcdbcacdac. Hence PS /∈
EDA.
By symmetry, we also have PRiSNB 6⊆ EDA.
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3. SOME PROPERTIES OF THE OPERATOR PG
Lemma 3.1. Let S and T be finite semigroups. Then
(i) if T is a subsemigroup of S then PGT  is a subsemigroup of PGS;
(ii) if T is a homomorphic image of S then PGT  is a homomorphic
image of PGS;
(iii) if S and T are monoids then there is a natural embedding P′GS ×
P′GT  −→ P′GS × T .
Proof. 1. We only need to show that PGT  ⊆ PGS. Let G be a
finite group and let τ: S −→ G be a u.r.m. for S. If we take the relational
morphism τT :T −→ G defined by τT x = τx then, for every X ∈ PGT ,
there exists g ∈ G such that X ⊆ τ−1T g ⊆ τ−1g. Thus, X ∈ PGS.
2. Let ϕ: S −→ T be an onto homomorphism. Let τ:T −→ G ∈ G
be a u.r.m. for T . The relation τ ◦ϕ: S −→ G is a relational morphism, and
so, for every X ∈ PGS, there is g ∈ G such that X ⊆ τ ◦ ϕ−1g. Hence
ϕX ∈ PGT . Now, we consider the homomorphism ψ:PGS −→ PGT 
given by ψX = ϕX. We note that ψ is surjective. Indeed, let Y ∈ PGT 
and let η: S −→ H ∈ G be a u.r.m. for S. The relation η ◦ ϕ−1:T −→ H is
a relational morphism, and so Y ⊆ η ◦ ϕ−1−1h = ϕ ◦ η−1h, for some
h ∈ H. Thus, there is a subset Z ⊆ η−1h such that Y = ϕZ. Therefore,
Y = ψZ, with Z ∈ PGS.
3. Let G be a finite group and let τ: S × T −→ G be a u.r.m. for
S × T . We consider two relational morphisms, γ: S −→ G and η:T −→ G,
defined by γs = τs; 1 and ηt = τ1; t. If X ∈ P ′GS and Y ∈ P ′GT 
then there are g; h ∈ G such that X ⊆ γ−1g and Y ⊆ η−1h. So X ×
Y ⊆ τ−1gh and X × Y ∈ P ′GS × T .
It is easy to see that V ⊆ PGV and PGV ⊆ PV.
Lemma 3.2. Let S be a finite semigroup. If X ∈ EPGS then X ∈
PKS.
Proof. Let ϕ: S −→ G be a u.r.m. for S. We then have X ⊆ ϕ−1g, for
some g ∈ G, so Xω ⊆ ϕ−11, and hence X is a subset of KS.
Lemma 3.3. If V is a monoidal pseudovariety then PGVMS = PGV. In
particular, PGV is monoidal.
Proof. It is obvious that PGVMS ⊆ PGV. If S ∈ V then S1 ∈ VM and
PGS1 ∈ PGVM. As PGS divides PGS1 by Lemma 3.1, we have PGS ∈
PGVMS.
Lemma 3.4. Let S be a semigroup generated by its idempotents. Then
PGVS = PVS.
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Proof. If S = ES then, for every k ≥ 1, we have
Sk = S × S × · · · × S| {z }
k
= ESk;
and so PGSk = PSk: Now, PGVS = HS PfinPGSk x k ≥ 1 =
PVS.
Let V be a pseudovariety and S ∈ V. It is easy to see that the map
η x P ′GS × 0; 1 → PGS defined by ηX; 1 = X and ηX; 0 = Z is an
onto homomorphism. Since P ′GV ∨ Sl ⊆ PGV, we conclude that P ′GV ∨ Sl =
PGV.
Proposition 3.5. Let V be a pseudovariety of monoids containing Sl and
let H be a pseudovariety of groups. Then PGV ∗H = PGV ∗H.
Proof. 1. Let S ∈ V and let G ∈ H. It is easy to check that, for a
semidirect product S ∗G,
(i) For every g ∈ G; gKS = KS, since gKS is a submonoid of
S closed under weak conjugation containing ES and KS = gKS;
(ii) For m;g ∈ S ∗G; m;g−1 = g−1m−1 × g−1;
(iii) KS ∗ G = KS × 1; since ES ∗ G ⊆ KS × 1 and
KS × 1 is a submonoid of KS ∗G closed under weak conjugation;
(iv) For every g ∈ G and s ∈ S; gs−1 = gs−1.
2. For S ∈ V and G ∈ H, the semigroups P ′GS ∗G and P ′GS ∗G
are isomorphic:
Suppose that X ∈ P ′GS ∗ G. Then there are s1; g1; : : : ; sk; gk ∈
S ∗G such that
X ⊆ KS ∗Gs1; g1ε1 · · ·KS ∗Gsk; gkεkKS ∗G;
with εi ∈ −1; 1 1 ≤ i ≤ k. So
X ⊆ KS × 1yε11 × gε11  · · · KS × 1yεkk × gεkk KS
×1 ⇔ X ⊆ KS + yε11 + gε11 KS + · · · + gε11 · · · gεk−1k−1KS
+gε11 · · · gεk−1k−1yεkk + gε11 · · · gεkk KS × gε11 · · · gεkk 
by (ii) and (iii), where
yi =

si if εi = 1
g−1i si if εi = −1.
Thus, we have
X ⊆ KS + xε11 + · · · +KS + xεkk +KS × g
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with g = gε11 · · · gεkk and
xi =

g
ε1
1 · · · gεi−1i−1 si if εi = 1
g
ε1
1 · · · gεii si if εi = −1
by (i) and (iv). Then X = Y × g with Y ∈ P ′GS and g ∈ G. Conversely,
if X = Z;h with Z ∈ P ′GS and h ∈ G, then there are s1; : : : ; sk ∈ S
such that
Z ⊆ KS + sε11 +KS + · · · + sεkk +KS;
where εi ∈ −1; 1 1 ≤ i ≤ k. Now, we have
Z × h ⊆ KS ∗Gs1; 1ε1KS ∗G · · · s′k; h′εkKS ∗G;
where
s′k; h′ =
 sk; h if εk = 1
h−1sk; h−1 if εk = −1,
and so, Z × h ∈ P′GS ∗G.
We conclude that P′GS ∗G and P′GS ∗G are isomorphic.
3. By part 2 and Lemma 3.1, we have P ′GV ∗H ⊆ P ′GV ∗H.
4. For S ∈ V and G ∈ H, the semigroup P′GSG ∗ G divides
P′GSG ∗G:
Let ξ1 and ξ2 be, respectively, the natural left actions of G on SG and
P′GSG (see [2, 10.1]). To an action ψ1 defined by
ψ1 x G× P′GSG → P′GSG
h;X → ξ1h; f  x f ∈ X
we associate a semidirect product P′GSG ∗G. Let us consider the map
µ x P′GSG ∗G→ P′GSG ∗G
X;h → ν; h
where νx = f x x f ∈ X for all x ∈ G. One can verify that µ is an onto
homomorphism. Hence P′GSG ∗G divides P′GSG ∗G. As we saw above,
the semigroups P′GSG ∗G and P′GSG ∗G are isomorphic, so P′GSG ∗G
divides P′GSG ∗G.
5. P ′GV ∗ H = P ′GV ∗ H: By [2, Proposition 10.1.4], the pseudo-
variety P ′GV ∗ H is generated by the semigroups SG ∗ G with S ∈ V and
G ∈ H.
Let S ∈ P ′GV and G ∈ H. By Lemma 3.1, S divides a semigroup P′GS1
for some S1 ∈ V and so SG ∗ G divides P′GS1G ∗ G by [12, Proposition
I.10.1, Proposition I.5.5]. Hence SG ∗G divides P′GSG1 ∗G by 4. Thus we
conclude that P ′GV ∗H ⊆ P ′GV ∗H. By 3, we have P ′GV ∗H = P ′GV ∗H.
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6. As Sl ⊆ V, we have PGV ∗H = PGV ∗H.
It is known (see [12]) that V ∗GS = VS ∗G for any pseudovariety V of
monoids.
Corollary 3.6. If V is a monoidal pseudovariety containing Sl then PG
V ∗G = PGV ∗G.
Proof. As V is monoidal, we have VM ∗ GS = V ∗ G and so V ∗ G is
monoidal. It follows that
PGV ∗G = PGVM ∗GS
= PGVM ∗GS; by Lemma 3.3
= PGVM ∗GS; by Proposition 3.5
= PGVMS ∗G
= PGV ∗G; by Lemma 3.3
Corollary 3.7. PGSl ∗G = Sl ∗G.
Proof. By Proposition 3.5, PGSl ∗ G = A ∩ Com ∗ G ⊆ A ∩
Com©m G and so,
A ∩ Com©m G = Sl©m G; by Proposition 2.6
= Sl ∗G; since Sl is monoidal and local.
4. THE PSEUDOVARIETY EB
Lemma 4.1. Let V be a subpseudovariety EB. Then
(a) EV = V©m G = V ∩ B©m G = EV ∩ B;
(b) PGEV ⊆ EPV ∩ B.
Proof. (a) It remains to show that EV ⊆ V ∩ B©m G. If S ∈ EV then
KS = ES ∈ V, since EV ⊆ B©m G. It follows that S ∈ V ∩ B©m G.
(b) Let S ∈ EV. As S ∈ EB = B©m G, it follows that KS ∈ B
and so KS = ES. The subsemigroup generated by the idempotents of
PGS; EPGS; is a subsemigroup of PKS = PES by Lemma
3.2. Hence PGS ∈ EPV ∩ B.
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Let S be a monoid of ZE. Let s be an element of S. As the idempotents
of S are central and xs ∈ ES, for every x ∈ s−1, we have
x ∈ s−1 ⇒ xωsω−1 = x:
For z ∈ S zωsω−1 = z implies z ∈ s−1 (where sω−1 = sn+n−1 if sω = sn).
Hence ESs−1 ⊆ ESsω−1 and PGS is the monoid Xs x X ⊆ ES;
s ∈ S.
The map ϕ: PES × S → PGS defined by ϕX; s = Xs is an onto
homomorphism. Note that ES ∈ Sl, and so PES ∈ PSl = A ∩ Com,
by Proposition 2.10. Consequently, we have the following result.
Proposition 4.2. Let V be a monoidal pseudovariety of semigroups such
that V ⊆ ZE and Sl ⊆ V. Then PGV = V ∨ A ∩Com. In particular, PGZE =
ZE.
Proof. Since Sl ⊆ V, we have PGSl ⊆ PGV, and so V ∨ A ∩ Com ⊆
PGV. On the other hand, for a monoid S ∈ V; PGS is a homomorphic
image of PES × S. Since PES ∈ A ∩ Com, we deduce that PGS ∈
V ∨ A ∩ Com: By Lemma 3.3, we have
PGV = PGVMS = HS PfinPGS: S ∈ VM ⊆ V ∨ A ∩ Com:
For a semigroup S ∈ ZE, the semigroup PGS is
PGS = Xs x X ⊆ ES1; s ∈ S ∪ PES:
If S has a unique idempotent e then ES1 ⊆ 1; e, so PGS = Xs x X ⊆
ES1; s ∈ S.
Lemma 4.3. Let V be a subpseudovariety of ZE∩LG. Then PGV=V∨Sl.
Proof. Note that ZE ∩ LG = e = f . The semigroup PGS, with S ∈
V, is a homomorphic image of PES1 × S. Since PES1 ∈ Sl, we have
PGS ∈ Sl ∨ V. On the other hand, it is obvious that Sl ∨ V ⊆ PGV, since
PGx = y = Sl.
For an arbitrary subpseudovariety V of ZE containing Sl, the situation is
more complicated. By [2, Theorem 9.1.1], an implicit operation on ZE is
a product of explicit operations and regular operations on G. The follow-
ing lemma is a useful observation concerning the values of those regular
operations in a semigroup PGS with S ∈ V.
Lemma 4.4. Suppose that pi ∈ AG; S is a semigroup of ZE;X1; : : : ;Xn
are subsets of ES1, and s1; : : : ; sn ∈ S1. Let G be a subgroup of PGS with
the identity X and let X1s1; : : : ;Xnsn be elements of G. Then
piGX1s1; : : : ;Xnsn = piGXs1; : : : ;Xsn = XpiHes1; : : : ; esn; 1
where H is the H-class of S1 which contains the idempotent e = s1 : : : snω:
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Proof. Suppose that PGS = xω = xk, for some k ≥ 1, and pi is the
limit of a sequence um of explicit operations. As X1; : : : ;Xn belong to the
aperiodic semigroup PES1; X is the identity of G, and ZE = xyω =
xωyω, we have
XXi = XisikXi = Xki ski Xi = Xk+1i ski = Xki ski = X;
for 1 ≤ i ≤ n, and
Xs1 · · · snk = Xsk1 · · · skn = XXk1 sk1 · · · skn = Xsk2 · · · skn = · · · = X:
Setting e = s1 · · · snk, it follows that
umX1s1; : : : ;Xnsn = umXs1; : : : ;Xsn = Xumes1; : : : ; esn;
for every m ≥ 1. Thus, we deduce (1).
Given a word w ∈ A∗ and a variable x ∈ cw; we represent by wx the
largest integer k such that xk is a subword of w. An identity u = v is said
to be balanced if cu = cv and ux = vx for every x ∈ cu.
If Sl ⊆ V, the pseudovariety A ∩ Com is contained in PGV. Hence the
identities satisfied by PGV are balanced. The following result shows that
PGV satisfies the balanced identities which are valid in V.
Lemma 4.5. Let S ∈ ZE and let u = v be a balanced identity. The semi-
group PGS satisfies u = v if and only if S satisfies u = v.
Proof. Since S is isomorphic to a subsemigroup of PGS; the implica-
tion ⇒ is immediate. For the converse, let cu = x1; : : : ; xn and let
ϕ: x1; : : : ; xn+ → PGS be a homomorphism. Suppose that ϕxi = Xisi,
where Xi ∈ PES1 and si ∈ S1 for 1 ≤ i ≤ n, and
uPES1X1; : : : ;Xn = X; vPES1X1; : : : ;Xn = Y;
uS1s1; : : : ; sn = s; vS1s1; : : : ; sn = t;
where X;Y ⊆ ES1 and s; t ∈ S1.
Since PES1 ∈ A ∩Com, that semigroup satisfies u = v and so X = Y .
If S is a monoid, we have uSs1; : : : ; sn = vSs1; : : : ; sn and then ϕu =
Xs = Xt = ϕv.
Suppose that S is not a monoid. If s = 1 then s1 = · · · = sn = 1, and so
vSs1; : : : ; sn = 1. If s 6= 1 and 1 ∈ X then 1 ∈ ∩iXi, which implies that
si ∈ S 1 ≤ i ≤ n. Since S = u = v, we have s = t. If s 6= 1 and 1 /∈ X
then, for any e = e2 ∈ X,
euS1s1; : : : ; sn = uSes1; : : : ; esn = vSes1; : : : ; esn = evS1s1; : : : ; sn:
Consequently, we have ϕu = Xs = Xt = ϕv.
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Finally, we may compute PGV:
Proposition 4.6. Let V be a pseudovariety of semigroups such that V ⊆
ZE and Sl ⊆ V. Then PGV = V ∨ A ∩ Com.
Proof. As Sl ⊆ V; PGV contains V ∨ A ∩ Com.
For the reverse inclusion, we suppose that V ∨ A ∩ Com satisfies the
pseudoidentity pi = ρ, where pi; ρ ∈ AZE. If pi is an explicit operation, the
same happens with ρ and the identity pi = ρ is balanced, since A ∩ Com =
pi = ρ. By Lemma 4.5, PGV satisfies the identity pi = ρ, since V does. If pi
and ρ are not explicit operations then, by [2, Theorem 9.1.1], pi and ρ are
of the form
pi = u1pi1ex1; : : : ; exn : : : ukpikex1; : : : ; exn
ρ = v1ρ1e′x′1; : : : ; e′x′n′  : : : vqρqe′x′1; : : : ; e′x′n′ ;
where k; q ≥ 1; e = x1 : : : xnω; e′ = x′1 : : : x′n′ ω, cu1 : : : uk ∩ ce = Z,
ui, vj are words, cv1 : : : vq ∩ ce′ = Z, pii ∈ nG, and ρj ∈ n′G.
As in the proof of [2, Theorem 9.1.3] we may prove that n = n′ and
x1; : : : ; xn = x′1; : : : ; x′n′ , and thus e = e′.
Substituting 1 for all the variables x1; : : : ; xn, from A ∩Com = pi = ρ, we
deduce that u1 : : : uk = v1 : : : vq is a balanced identity (note that A ∩ Com
is monoidal).
Let S ∈ V and let ϕ:AS → PGS be an arbitrary homomorphism.
Suppose that cu1 : : : uk = y1; : : : ; ym; ϕxi = Xisi; ϕyj = Yjtj with
Xi;Yj ∈ PES1 and si; tj ∈ S1 for 1 ≤ i ≤ n; 1 ≤ j ≤ m. Arguing as in
the proof of Lemma 4.5, we may show that
u1 : : : ukPES1Y1; : : : ; Ym = Y = v1 : : : vqPES1Y1; : : : ; Ym:
Setting Z = ϕe, it is easy to check that Z = Z2 ⊆ ES and ϕexi = Zsi,
for 1 ≤ i ≤ n.
Let H be the H-class of S1 which contains s1 · · · snω and let K be the H-
class of PGS which contains Z. Let f = s1 · · · snω. We have the equalities
ϕpi = u1PGSY1t1; : : : ; Ymtmpi1KZs1; : : : ; Zsn · · ·
ukPGSY1t1; : : : ; YmtmpikKZs1; : : : ; Zsn
= YZu1S1t1; : : : ; tmpi1Hfs1; : : : ; fsn · · ·
ukS1t1; : : : ; tmpikHfs1; : : : ; fsn;
since PGS ∈ ZE and by Lemma 4.4. Similarly, we have
ϕρ = YZv1S1t1; : : : ; tmρ1Hfs1; : : : ; fsn · · ·
vqS1t1; : : : ; tmρqHfs1; : : : ; fsn:
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If S is a monoid, we conclude that ϕpi = ϕρ since S = S1 satisfies
pi = ρ. If S is not a monoid then either 1 /∈ Y or t1; : : : ; tm ∈ S. Similar
observations apply to Z and s1; : : : ; sn. In any case, we have
ghu1S1t1; : : : ; tmpi1S1fs1; : : : ; fsn · · ·
ukS1t1; : : : ; tmpikS1fs1; : : : ; fsn
= u1Sgt1; : : : ; gtmpi1Shfs1; : : : ; hfsn · · ·
ukSgt1; : : : ; gtmpikShfs1; : : : ; hfsn
= v1Sgt1; : : : ; gtmρ1Shfs1; : : : ; hfsn · · ·
vqSgt1; : : : ; gtmρqShfs1; : : : ; hfsn;
for any idempotents g ∈ Y; h ∈ Z, since V = pi = ρ. We deduce that
ϕpi = ϕρ.
A nontrivial pseudovariety of groups H is called arborescent if H ∩ Ab ∗
H = H [7].
Remark 4.7. Let V be a subpseudovariety of ZE.
1. If A ∩ Com ⊆ V then PGV = V.
2. If H is an arborescent pseudovariety of groups and H ∨ Sl ⊆ V ⊆
H ∩ ZE then PGV = H ∩ ZE [7].
3. The property (2) may fail for pseudovarieties which are not ar-
borescent. For example, PGSl ∨ Ab = Com 6= Ab ∩ ZE, since for instance
the semigroup N presented by a; by a2 = b2 = ba = 0 is an element of
Ab ∩ ZE but not of Com. Note that Ab is not an arborescent pseudovariety
of groups.
Proposition 4.8. Let V be a subpseudovariety of ZE. If Sl ⊆ V then
P2GV = PGV. If V ⊆ LG then P3GV = P2GV.
Proof. This results immediately from Proposition 4.6 and Lemma 4.3.
Proposition 4.9. Let V be a subpseudovariety of EB. If V is contained
in one of the following pseudovarieties EPerm; DG and J, then the same
happens with PGV.
Proof. By Lemma 4.1, for V ⊆ EPerm, we have PGV ⊆ EPerm, since
PPerm ∩ B ⊆ Perm by Proposition 2.10.
Let S ∈ EB∩DG. Let X;Y ∈ PGS and let n ≥ 1 be such that XY ω =
XY n and YXω = YXn. For every x1; : : : ; xn ∈ X; y1; : : : ; yn ∈ Y ,
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noting that XY n and YXn are subsets of ES by Lemma 3.2, we have
x1y1 : : : xnyn = x1y1 : : : xnynω
= y1x1 : : : ynxnω
= y1x1 : : : ynxn:
Thus, XY ω = YXω. Hence PGS ∈ DG.
We also have J ⊆ PJ ⊆ A by Proposition 2.11. Hence PGEB ∩ J ⊆
DG ∩ A = J.
The following is an immediate consequence of Proposition 4.9.
Corollary 4.10. The pseudovarieties EPerm ∩ DG; EPerm ∩ J, and
EPerm are fixed points for the operator PG.
5. THE G-EXPONENT OF A PSEUDOVARIETY
The preceding section shows that EPerm is a fixed point for the operator
PG. It is natural to ask what happens when we consider a pseudovariety V
which is not contained in EPerm. We proceed to determine the minimal
pseudovarieties for this property.
Lemma 5.1. Let V be a subpseudovariety of EB. Then V is not contained
in EPerm if and only if V contains at least one of the semigroups B1; 21
and B2; 11.
Proof. ⇒ If B1; 21; B2; 11 /∈ V then V ∩B ⊆ NB (cf. the lattice of
pseudovarieties of band semigroups [14]), and so V ⊆ EV ⊆ ENB = EPerm
by Lemmas 2.5 and 4.1.
⇐ The semigroups B1; 21 and B2; 11 are not members of
EPerm.
Corollary 5.2. Let V be a pseudovariety. Then V is not contained in
EPerm if and only if V contains at least one of the semigroups B1; 21,
B2; 11, Z, and Kp with p prime.
Proof. ⇐ These semigroups are not members of EPerm.
⇒ Suppose that V 6⊆ EPerm and Z;Kp /∈ V, for any prime p. By
Proposition 2.9, V is contained in EB. Thus, B1; 21 ∈ V or B2; 11 ∈ V
by Lemma 5.1.
We conclude that the minimal pseudovarieties of semigroups which are
not contained in EPerm are MK1 = VB1; 21S, MD1 = VB2; 11S,
VZ = x3 = x2; x2yx = xy2x = xyx2 = xyxy = xyx = yxy [13] and
VKp = xp+1 = x; xyxp = xp; xyxzx = xzxyx [23].
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Proposition 5.3. Let V be a pseudovariety of semigroups. Then A2 ∈ V
if and only if V is not contained in EDS.
Proof. ⇒ It suffices to note that A2 is generated by its idempotents
and A2 /∈ DS.
⇐ Suppose that V contains a semigroup S generated by ES such
that S /∈ DS. So, there exist two idempotents of S, say e and f , in the same
J-class D such that ef /∈ D. If fe ∈ D then fe ∈ Rf ∩Le; hence, by Green’s
Lemma, Re ∩ Lf contains an idempotent g. Let T be the subsemigroup of
S generated by e; f; g and let I = TefT , an ideal of T . The Rees quotient
T/I is isomorphic to A2. Thus, A2 ∈ V.
Suppose now that fe /∈ D. Since eJf , there are x; y ∈ S such that f =
fxeyf . We may fix y in this condition and choose x = e1 · · · en with n ≥ 1
minimum, ei ∈ ES 1 ≤ i ≤ n. We define tij = en+1−i · · · en+1eyfe0 · · · ej
with 0 ≤ i; j ≤ n and e0 = f and en+1 = e. It is easy to check the following:
(i) tij ∈ D for 0 ≤ i; j ≤ n;
(ii) if n+ 1− i = j or n− i = j then tij is an idempotent.
For 0 ≤ j; k ≤ n, we note that t0j 6= t0k if j 6= k. Indeed, if j < k and
t0j = t0k then
eyfe0 · · · ej = eyfe0 · · · ek;
and so
fx · eyfe0 · · · ej · ek+1 · · · en+1eyf = fx · eyfe0 · · · ek · ek+1 · · · en+1eyf = f;
and we could take for x a product of j + n − k < n idempotents, which
contradicts the choices of x and n. Similarly, we have ti0 6= tl0 if i 6= l.
We denote by Hij the H-class that contains tij . Let us consider the set
A = i+ j x Hij is not a group and i < n− j:
As t00 = eyf , eyf ∈ Re ∩Lf , and fe /∈ D, the H-class H00 does not contain
any idempotent. Hence A 6= Z and A has a maximum element k. Let Hij
be an H-class so that i + j = k and Hij is not a group. Then we may con-
sider the subsemigroup T of S generated by gi+1j; gi+1 j+1; gij+1, where
each gi′j′ is the idempotent of Hi′j′ , and the ideal I = Tgi+1jgij+1T of T ,
so that the quotient semigroup T/I is isomorphic to A2. We thus conclude
that A2 ∈ V.
These results allow us to solve the equation PGX = S.
Proposition 5.4. Let V be a pseudovariety of semigroups. Then PGV = S
if and only if A2 ∈ V.
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Proof. ⇐ Since A2 is generated by its idempotents, we have
PGVA2 = PVA2 by Lemma 3.4. As A2 /∈ DS, it follows that
B2 ∈ VA2 and, by Proposition 2.11, PGVA2 = S.
⇒ If A2 /∈ V then V ⊆ DS ∗G by Propositions 2.4 and 5.3, and so
PGV ⊆ PDS ∗ G by Corollary 3.6. As PDS 6= S by Proposition 2.12, we
have PDS ∗G 6= S by Theorem 2.8.
We say that the pseudovariety V has G-exponent n ≥ 0 if n is the least
nonnegative integer such that PnGV = S, where P0GV = V. If there is no
such integer, the G-exponent of V is said to be infinite.
We may now show that the G-exponent of a pseudovariety which is not
contained in EPerm is bounded.
Lemma 5.5. (i) The pseudovariety of semigroups VZ has G-exponent 2.
(ii) For any prime p, the pseudovariety VKp has G-exponent 2.
(iii) The pseudovarieties of monoids VB1; 21 and VB2; 11 have
G-exponent 3.
Proof. As Z, B1; 21, B2; 11, and Kp with p prime are generated by
their idempotents, we have PGVS = PVS for S ∈ Z;B1; 21; B2; 11;
Kp x p prime.
As Y ∈ VZ and Z ∈ J, it follows that PVZ = PJ by Proposition 2.10.
Let us consider the alphabet X = a; b; c and the language over X given
by
L = a; b; c∗aba; b; c∗:
Then the syntactic semigroup of L is isomorphic to A2. But L is PJ-
recognizable [2]; hence A2 ∈ PJ, and so P2GVZ = S by Proposition 5.4.
Let p be a prime. The semigroup Kp belongs to EDS, and PVKp is not
a subpseudovariety of EDS by Lemma 2.13. Hence VKp has G-exponent
2 by Propositions 5.3 and 5.4.
By Proposition 2.10, we have PGVB2; 11 = JMK1. Moreover, J is
a subpseudovariety of JMK1 and then P
3
GVB2; 11 = S. On the other
hand, JMK1 ⊆ R and A2 /∈ R, so P2GVB2; 11 6= S by Proposition 5.4.
Dually, VB1; 21 has G-exponent 3, too.
Now, we search the subpseudovarieties of EB with G-exponent 2.
The pseudovariety of bands MNB is the greatest member of the lattice
of pseudovarieties of band semigroups such that PV ⊆ DA [5].
Proposition 5.6. Let V be a pseudovariety such that V ⊆ EB. Then
P2GV = S if and only if V is not contained in EMNB.
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Proof. ⇒ If V ⊆ MNB ∗G then PGV ⊆ PMNB ∗G, by Corollary 3.6.
Hence PGV ⊆ DA ∗G and so P2GV ⊆ PDA ∗G which is not S by Theorem
2.8.
⇐ Suppose that P2GV 6= S. By Propositions 5.3 and 5.4, we have
PGV ⊆ EDS, which implies that PGV ∩B ⊆ EDS∩A ⊆ EDA. By Lemma
2.14, it follows that V ∩ B contains neither LeSNB nor RiSNB, so V ∩ B ⊆
MNB. Thus V ⊆ EMNB by Lemma 4.1.
These results allow us to complete a characterization of the G-exponent
of pseudovarieties of semigroups as follows.
Theorem 5.7. Let V be a pseudovariety of semigroups. Then
(a) V has G-exponent 0 if and only if V = S.
(b) V has G-exponent 1 if and only if A2 ∈ V and V 6= S.
(c) V has G-exponent 2 if and only if A2 /∈ V and at least one of the
semigroups Z, 3LeSNB, 3RiSNB, or Kp with p prime belongs to V.
(d) V has G-exponent 3 if and only if none of the semigroups in (c)
belong to V and at least one of the semigroups B1; 21 or B2; 11 belongs to
V.
(e) V has an infinite G-exponent if and only if none of the semigroups
Z, B1; 21, B2; 11, or Kp for any p prime belongs to V.
Proof. (a) is immediate and (b) follows from (a) and Proposition 5.4.
By (a), (b), Lemmas 2.14 and 5.5, and Propositions 5.3 and 5.4, if A2 /∈ V
and at least one of the semigroups Z, 3LeSNB, 3RiSNB, Kp (p prime)
belongs to V then V has G-exponent 2. If none of those semigroups is a
member of V then V ⊆ EB by Proposition 2.9 and V ∩ B ⊆ MNB. Hence
then V ⊆ EMNB. By Proposition 5.6, P2GV 6= S.
The reverse part of (d) follows from (a), (b), (c), and Lemma 5.5. The di-
rect part of (d) is a consequence of (a), (b), (c), Corollary 5.2, and Corollary
4.10.
(e) follows from (a), (b), (c), and (d).
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